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G = (V(G), E(G)): a finite graph
with no loop, no multiple edge.
V = V(G): the vertex set of G.
E(G): the edge set of G.

e & is chordal if each cycle of length > 3 has a chord.

e (& is a forest if G contains no cycle.

S = K|z : x € V]: a polynomial ring / a field K.
degax = 1.

The edge ideal of G:
I(G) = (zix; : {zi,z;} € E(G)).



A minimal graded free resolution of S/I(G):

0 —> @5(_j)ﬁp,j N @ S(—j)P — § — S/I(G) — 0.
' J

J

S =@, Sn, Syn: nth homogeneous component of S.
[S(=3)ln = Sn—j-

Bi;i = Bi,;(S/I(G)): (¢,7)-th graded betti number of S/I(G).
p = pdg S/I(G): the projective dimension of S/I(G).
reg S/I(G) = max{j — ¢ : B;; 7# 0}: the regularity of S/I(G).

Problem 1. Describe these invariants in terms of
combinatorial data of G.



Known:
e reg S/I(G) for chordal graphs (Zheng, Ha and Van Tuyl).
e pdg S/I(G) for forests (Zheng).

Results:
e pdg S/I(G) for chordal graphs.
e 3,;(S/I(G)) for forests.




v Notation & definition.

Definition 2 (Ha and Van Tuyl). Let e, e’ be two distinct
edges of GG. Suppose that e, e’ belong to the same con-

nected component of G. Then the distance of e, e’ (in G)
is defined by

Jdeg = e, e1,...,ep = €
distg(e, €’) := min {E : | Tl }

s.t.e;_1Ne; #0, e; € E(G)
When e, €’ belong to the different connected component of

G, then we set distg(e,e’) = oco.
We say that e and e’ are 3-disjoint in G if distg(e, e’) > 3.




distg(e,e’) = 3

distg(e, e’) = 2



Theorem 3 (Zheng, Ha and Van Tuyl). Let G be a
chordal graph. Then the regularity of S/I(G) co-

incides with the maximum number of pairwise 3-
disjoint edges of G.

o—9o 9o o o o o reg S/I(G) = 2

Q ¢ Q ¢ Q reg S/I(G) =3




Definition 4 (Zheng). The graph B with V(B) = {w, z1,..., 24}
and E(B) = {{w,z1},...,{w,24}} (d > 1) called a bou-
quet.

On the above bouquet B, the vertex w is called a root of

B and the vertices z; flowers of B, edges {w, z;} stems of
B.




Let B = {B;,..., B} be a set of bouquets those are sub-
graphs of G

Definition 5.

(1) We say B is strongly disjoint in G if for any ¢ # j,
bouquets B;, B; contain no common vertex, and there
exists the set of edges {si,...,s;r} where s; is a stem of
B; and s;, s; are 3-disjoint in G for all z # 3.

(2) We say B is semi-strongly disjoint in G if for any ¢ # j,
bouquets B;, B; contain no common vertex and the roots
of B;, B; have no common edge in G.

\ i‘ 'E /" not semi-strongly disjoint




Strongly disjoint set of bouquets:
1 3 5 7 2 4 5 7 4 5 7
2 6 3 6 3 6
Not-strongly, semi-strongly disjoint set of bouquets:

1 3 5 7

VA

2 4 6



% First Result.

For a bouquet B, we denote by n(B), the number of flowers

of B. For a set of bouquets B = {B;,..., By}, we set
n(B) =n(By) + -+ n(Bg).
Set
d — max { n(B) : B is a semi-strongly disjoint set .
of bouquets of G

d' = max{n(B) : B is a strongly disjoint set of bouquets of G}.
Then d’ < d.

Theorem 6. Let G be a chordal graph. Then
pds S/I(G) =d = d'.

Remark 7. Zheng proved this theorem when G was a forest.



pdg S/I(G) = 3.

2 3



Y Second Result.

Let B be a set of bouquets. We denote by

R(B), the set of roots of the bouquets in B,
F(B), union of the sets of flowers of the bouquets in B.

Definition 8. We say that a graph G contains strongly dis-
joint set of bouquets of type (¢, 7) if there exists a strongly
disjoint set of bouquets B in GG such that

R(B) U F(B) = V(G);

#F(B) =4  #R(B) =j.




Theorem 9. Let G be a forest. Then B;;+;(S/I(G)) coin-
cides with the number of subsets W of V.= V(G) such
that Gw contains a strongly disjoint set of bouquets of

type (17.7)
Remark 10. If G is chordal, then the claim of Theorem 9
is false.

For example,

G: 1

2 3

Then B2241(S/I(G)) = 2. But a subset W of V(G) =
{1,2,3} with #W =2+ 1 = 3 is only V(G).



Biiri(S/I(G)): 7\401234
0 |1
1 6 5
2 6 9 3
1 31 43 5 1 4 2 5
/82,3: \/7 .\/7 .\/7 /32,4: I Ia I I,
2 3 4 2 5 1 6

1 3 5 1 4 6

1 34 6
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* Key Lemma.

Lemma 11 (Ha and Van Tuyl). Let G be a chordal graph.
Suppose that e = {u,v} is an edge of G such that Gn () 13

a complete graph. Lett = # N (u) —1 and G’ the subgraph
of G with

E(G') = {€ € E(G) : distg(e,e’) > 3}.
Then both of G \ e and G’ are chordal and
Bii+i(8/I1(G)) = Bi,ir;(5/I(G \ e))

1—1 ¢
+2 (£> Bi-1-t,6-1-0+-1) (S/I(G")),
£=0

Bi(S/1(G)) = B(S/1(G\ ) + 3 () Bir-a(S/1(G")
£=0




